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Fail

fail = shift0 (λk ⇒ do
pure "no")
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Flip

flip : Stm (r :: rs) Bool
flip = shift0 (λk ⇒ do
resume k True

resume k False)
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Emit

emit : a→ Stm (List a :: rs) ()
emit a = shift0 (λk ⇒ do

as ← resume k ()

pure (a :: as))
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Emit Triples

emitTriples : Stm (String :: List (Int, Int, Int) :: rs) String
emitTriples = do

res ← triple 9 15
lift (emit res)
pure "done"

emittedTriples : Stm [ ] (List (Int, Int, Int))
emittedTriples = reset0 (reset0 emitTriples >> pure [])
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Generated Code for Emitted Triples

(let f0 n = (λk1 ⇒ (λk2 ⇒
(if (n < 1)

then k2 "no"
else f0 (n − 1) k1 (λx4 ⇒ k1 n k2 )))) in f0 ) 9 (λx0 ⇒ (λk3 ⇒

(let f2 n = (λk1 ⇒ (λk2 ⇒
(if (n < 1)

then k2 "no"
else f2 (n − 1) k1 (λx6 ⇒ k1 n k2 )))) in f2 ) (x0 − 1) (λx1 ⇒ (λk4 ⇒

(let f4 n = (λk1 ⇒ (λk2 ⇒
(if (n < 1)

then k2 "no"
else f4 (n − 1) k1 (λx8 ⇒ k1 n k2 )))) in f4 ) (x1 − 1) (λx2 ⇒ (λk5 ⇒
(if ((x0 + (x1 + x2 )) ≡ 15)

then ((x0 , x1 , x2 ) :: (k5 "done"))
else k5 "no"))) k4 )) k3 )) (λx0 ⇒ [ ])
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Basics: Continuation Passing Style

Cps : Type→ Type→ Type
Cps r a = (a→ r)→ r
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Basics: Continuation Monad

Cps : Type→ Type→ Type
Cps r a = (a→ r)→ r

pure : a→ Cps r a
pure a = λk ⇒ k a
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Basics: Continuation Monad

Cps : Type→ Type→ Type
Cps r a = (a→ r)→ r

pure : a→ Cps r a
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Basics: Continuation Monad

Cps : Type→ Type→ Type
Cps r a = (a→ r)→ r

pure : a→ Cps r a
pure a = λk ⇒ k a

push : (a→ Cps r b)→ (b→ r)→ (a→ r)
push f k = λa⇒ f a k

bind : Cps r a→ (a→ Cps r b)→ Cps r b
bind m f = λk ⇒ m (push f k)
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Representing Control: Target Language

data Exp : Type→ Type where
Lam : (Exp a→ Exp b)→ Exp (a→ b)
App : Exp (a→ b)→ Exp a→ Exp b
Add : Exp Int→ Exp Int→ Exp Int
Lit0 : Exp Int
Lit1 : Exp Int
...
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Representing Control: Target Language

data · : Type→ Type where
λ : (a→ b)→ a→ b
@ : a→ b→ a→ b
+ : Int→ Int→ Int
0 : Int
1 : Int
...
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Representing Control: Operators (before staging)

Cps : Type→ Type→ Type
Cps r a = (a→ r)→ r

shift0 : ((a→ r)→ r)→ Cps r a
shift0 = id

run0 : Cps r a→ (a→ r)→ r
run0 = id

reset0 : Cps r r → r
reset0 m = run0 m id
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Representing Control: Reify and Reflect

reify : Cps r a→ Cps r a

reflect : Cps r a→ Cps r a
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Representing Control: Reify and Reflect

reify : Cps r a→ Cps r a
reify m = λ λk ⇒ m (λa⇒ k @ a)

reflect : Cps r a→ Cps r a
reflect m = λk ⇒ m @ (λ λa⇒ k a)
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Abstracting Control: CPS Hierarchy

Cps : Type→ Type→ Type
Cps r a = (a→ r)→ r

Cps r a
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Abstracting Control: Effectful Statements

Cps : Type→ Type→ Type
Cps r a = (a→ r)→ r

Stm : List Type→ Type→ Type
Stm [ ] a = a
Stm (r :: rs) a = Cps (Stm rs r) a

Stm [p, q, r ] a = Cps (Cps (Cps r q) p) a
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Abstracting Control: Operators (before abstraction)

Cps : Type→ Type→ Type
Cps r a = (a→ r)→ r

shift0 : ((a→ r)→ r)→ Cps r a
shift0 = id

run0 : Cps r a→ (a→ r)→ r
run0 = id

reset0 : Cps r r → r
reset0 m = run0 m id
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Abstracting Control: Operators (after abstraction)

Stm : List Type→ Type→ Type
Stm [ ] a = a
Stm (r :: rs) a = Cps (Stm rs r) a

shift0 : ((a→ Stm rs r)→ Stm rs r)→ Stm (r :: rs) a
shift0 = id

run0 : Stm (r :: rs) a→ (a→ Stm rs r)→ Stm rs r
run0 = id

reset0 : Stm (a :: rs) a→ Stm rs a
reset0 m = run0 m pure
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Abstracting Control: Monad (before abstraction)

Cps : Type→ Type→ Type
Cps r a = (a→ r)→ r

pure : a→ Cps r a
pure a = λk ⇒ k a

push : (a→ Cps r b)→ (b→ r)→ (a→ r)
push f k = λa⇒ f a k

bind : Cps r a→ (a→ Cps r b)→ Cps r b
bind m f = λk ⇒ m (push f k)
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Abstracting Control: Monad (after abstraction)

Stm : List Type→ Type→ Type
Stm [ ] a = a
Stm (r :: rs) a = Cps (Stm rs r) a

pure : a→ Stm rs a
purer ::rs a = λk ⇒ k a

push : (a→ Stm (r :: rs) b)→ (b→ Stm rs r)→ (a→ Stm rs r)
push f k = λa⇒ f a k

bind : Stm rs a→ (a→ Stm rs b)→ Stm rs b
bindr ::rs m f = λk ⇒ m (push f k)
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Abstracting Control: Monad (after abstraction)

Stm : List Type→ Type→ Type
Stm [ ] a = a
Stm (r :: rs) a = Cps (Stm rs r) a

pure : a→ Stm rs a
purer ::rs a = λk ⇒ k a
pure[ ] a = a

push : (a→ Stm (r :: rs) b)→ (b→ Stm rs r)→ (a→ Stm rs r)
push f k = λa⇒ f a k

bind : Stm rs a→ (a→ Stm rs b)→ Stm rs b
bindr ::rs m f = λk ⇒ m (push f k)
bind[ ] m f = f m
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Abstracting Control: Lifting

lift : Stm rs a→ Stm (r :: rs) a
lift = bind
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Abstracting Control: Lifting

lift : Stm rs a→ Stm (r :: rs) a
lift = bind

shift00 : ((a→ Stm rs r)→ Stm rs r)→ Stm (r :: rs) a
shift00 = shift0

shift01 : ((a→ Stm rs r)→ Stm rs r)→ Stm (q :: r :: rs) a
shift01 = lift ◦ shift0
shift02 : ((a→ Stm rs r)→ Stm rs r)→ Stm (p :: q :: r :: rs) a
shift02 = lift ◦ lift ◦ shift0
...
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Representing Abstracted Control: Operators

Stm : List Type→ Type→ Type
Stm [ ] a = a
Stm (r :: rs) a = Cps (Stm rs r) a

shift0 : ((a→ Stm rs r)→ Stm rs r)→ Stm (r :: rs) a
shift0 = id

run0 : Stm (r :: rs) a→ (a→ Stm rs r)→ Stm rs r
run0 = id

reset0 : Stm (a :: rs) a→ Stm rs a
reset0 m = run0 m pure
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Representing Abstracted Control: Monad

Stm : List Type→ Type→ Type
Stm [ ] a = a
Stm (r :: rs) a = Cps (Stm rs r) a

pure : a→ Stm rs a
purer ::rs a = λk ⇒ k a
pure[ ] a = a

push : (a→ Stm (r :: rs) b)→ (b→ Stm rs r)→ (a→ Stm rs r)
push f k = λa⇒ f a k

bind : Stm rs a→ (a→ Stm rs b)→ Stm rs b
bindr ::rs m f = λk ⇒ m (push f k)
bind[ ] m f = f m
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Staged Statements: Reify and Reflect

mutual
reify : Stm rs a→ Stm rs a

reflect : Stm rs a→ Stm rs a
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Staged Statements: Reify and Reflect

mutual
reify : Stm rs a→ Stm rs a
reify[ ] m = m
reifyq::qs m = λ λk ⇒ reify (m (λa⇒ reflect (k @ a)))

reflect : Stm rs a→ Stm rs a
reflect[ ] m = m
reflectq::qs m = λk ⇒ reflect (m @ (λ λa⇒ reify (k a)))
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